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Abstract. We prove a formula relating the fermionic forms and the Poincare 
polynomials of quiver varieties associated to a finite quiver. Applied to quivers 
of type ADE, our result implies a version of the fermionic Lusztig conjecture. 



1. Introduction 

Let (r, I) be a finite quiver without loops, C be the corresponding generalized 
Cartan matrix, q = q(T) be the corresponding Kac-Moody algebra and I) C 5 be 
its Cartan subalgebra, see [20]. Let (a^gj be simple roots of g, Q be the root 
lattice of g, and P be the weight lattice of q. For any root vector a £ Q, we define 
(a l )i,zj £ 1} by a = ^2 ieI a l ai. We will usually identify Q with Z 1 in this way. 
For any weight vector v £ P, we define £ Z 1 by kj := [y, a,), where (— , — ) 

is a standard non-degenerate symmetric bilinear form on f) v (see [20l Section 2.1]). 
It will be always clear from the context if the root vector is considered as a weight 
vector so that there will be no confusion with the above notation. For any v £ P 
and a £ Q, we have (u, a) = Yljcj ViQ 1 ■ We define the Z- valued quadratic form T 
(called the Tits form) on the root lattice Q by T(a) :— |(a, a), a £ Q. For any 
v £ P and a £ Q+, denote 

[v, a] = Y\["i, a 1 ], [00, a] = Y\[°°, al ]> 
iei iei 

where the g-binomial coefficients [n, m] (respectively, [00, m]), for n £ Z, m £ N, 
are defined in Section O Let V be the set of partitions. For any t = (r l )i e / £ V 1 , 
we define Tk ■— (Tfc)ie/ G N 1 , k > 1 and \t\ := J2k>i Tfe - We will usually consider 
Tk as elements of Q+ (by identification of Q with Z 1 ). 

The fermionic forms m(v, A, q) £ Q(g) are usually attached to z/ = (^^ fc ' G P + )k>i 
and A e P+ (see [HJ Section 4], [131 Section 4.2]). In this paper we will assume 
that = for fc > 1 and thus ^ will be considered as an element of P. The 
relation of the definition below to the usual definition of the fermionic forms will 
be discussed in Section [21 For any i>, A £ P + , define the fermionic form by 

ft 

(1) m{y, A, q) := £ ]J q T ^ [ v - ^ r z , r, - r fc+1 ] , 

r fe>l ;=i 

where the sum is taken over all partitions t £ V 1 such that 

(1) v - Ya=\ t i e p +> for an y fc > L 

(2) \t\=u-X. 
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It is clear that m(y, A, q) can be nonzero only for A < v (i.e. v — A G Q+)- For any 
v, A € P, define the second fermionic form (see [Ml (4.16)]) by 

fe 

(2) n(u,X,q):= ]T <T^> [] ^ \ v ~ E r <' T * " ^ - 

t|=^-A k>\ 1=1 

where the sum is taken over all partitions r £ P 7 of ^ — A. The only difference with 
the definition of m(^, A, q) is that now we do not impose any positivity conditions 
on v — Sf=i T '- Again, it is clear that n(i^ A, q) can be nonzero only for A < v. 

It was conjectured by Lusztig [55] that if T is of type ADE then the fermionic 
forms are related to the Poincare polynomials of Nakajima's quiver varieties asso- 
ciated to T. Let M{a,v) be the quiver variety (see [311 [32] and Section [5]), where 
a G Q + and v G P+. It is known that M.(a, v) is a smooth symplectic mani- 
fold of dimension 2d(a, v), where d(a, v) = (y, a) — T{a). Define P(A4(a, v),q) — 
J2i>o dimP*(7W(a, is), C)q 1 ^ 2 . In this paper we prove 

Theorem 1.1 (Fermionic Lusztig conjecture). IfT is of type ADE then, for any 
v G P+ , we have 

q -d(i.M) p(M{a.v) iq )e v - a = ^ n(v, A,q _1 ) chM(A), 

a£Q+ ASP 

where M(X) is the Verma module over q(T) of highest weight A. 

It should be noted that the original fermionic conjecture of Lusztig is slightly 
different from our formulation. It says that, for any a G Q+ and v G P+ , one has 

q- d ^")p(M(a,is),q)= £ m{y, A, q^ 1 ) dimL(A), y _ Q , 

\eP+ 

where L(X) is the irreducible module of highest weight A. Equivalently, for any 

v e P+, 

J2 q- d ^P{M{a,u),q)e v - a = m ( u , A, q^ 1 ) chL(X). 

aGQ+ \EP + 

As explained in [33], this formula is a g-analog of the Kirillov-Reshetikhin con- 
jecture. In that conjecture there also occur the fermionic forms m(y, A, q) (for 
q = 1) and characters chL(A) of irreducible modules. However, the known proofs 
(see, e.g., [17l [33]) deal actually with a slightly modified formula, which has the 
fermionic forms n(y, A, 1) instead of m{v, A, 1) and the Verma modules M(X) in- 
stead of the irreducible modules L(X). We have made analogous modifications in 
the fermionic Lusztig conjecture. The equality m(y, A, q) — n(is, A, q) for v,A6 P + 
was conjectured in [T51 Conjecture 4.3]. This problem is still open, as far as we 
know. On the other hand, it follows from the above theorem and the existence of 
the Weyl group action on the cohomologies of quiver varieties [271 [31] that 

n{u,wX,q) = {-l) l ^n{u,\q), 

where w is an element of the Weyl group and w ■ X = w(X + p) — p. This was also 
a part of [HI Conjecture 4.3]. 

The above theorem will be an easy corollary of a more general result, relating 
the fermionic forms with the Poincare polynomials of quiver varieties for arbitrary 
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quivers T. First, let us recall the Hausel's formula (see [El Theorem 5] and Theo- 
rem [63]), giving an explicit expression for the generating function of the Poincare 
polynomials of quiver varieties. For any v G P, define r(y, q) G Q(q){xi\i G IJ by 

(3) r(u, q- 1 ) := J2 z M <T (l/ ' Tl) II 1 T{Tk) T * - r *+i] > 

t£V' k>l 

where x a = Yiiei x ? f° r a e Q+- The Hausel's formula says that, for any v G P+, 
we have 

r(u, q) 



q- d{a ^P(M(a,v),q)x a = 

QGQ+ 

Define the generating function 



k 



AGP tEV 1 k>l 1=1 

Our main combinatorial result (see Theorem l7.4p says that, for any v G P, we have 
(4) n^q- 1 ) =r(v,q)r(0,q- 1 ). 

This is a purely combinatorial formula that can be easily verified on computer. The 
starting point of the paper was an empiric observation of this formula. Using it 
together with the Hausel's formula, we get 

Theorem 1.2. For any v G P+, we have 



J2 q~ d ^P(M(a,iy),q)x a 



QGQ + 

This result is used then in Section [5] to prove the fermionic conjecture of Lusztig. 

The paper is organized as follows. In Section [2] we give some combinatorial 
prerequisites including A-rings and the definition of fermionic forms. In Section [3] 
we recall the basic results concerning the polynomial-count varieties. In Section [3] 
we discuss the geometric invariant theory over an arbitrary ring and prove the 
existence of good quotients in the situation that occurs when constructing the 
moduli spaces of quiver representations. In Section [5] we recall the construction of 
moduli spaces of stable quiver representations and, in particular, the construction 
of quiver varieties. In Section [5] we give a new proof of Hausel's formula based 
on Hua's formula counting the absolutely indecomposable quiver representations 
over finite fields. We also discuss there the proof of the first Kac conjecture due to 
Hausel. In Section [7] we give a proof of Theorem 1 1.21 In Section [8] we use Theorem 
11.21 together with Hua's formula to prove the fermionic conjecture of Lusztig. 



2. g-BINOMIAL COEFFICIENTS AND A-RINGS 

For any expression / depending on q, we define the conjugation f(q) := f{q~ l ), 
if it makes sense. Throughout the paper, we will use the A-ring structure on the ring 
of power series over Q(q) (see [351 Appendix]). We endow the ring Q(g)[xi, . . . ,x r \ 
with the structure of a A-ring in terms of Adams operations by 



1pn(f(q, Xl,..., X r j) = f(q H , JC?, . . . , X?), / G Q(g)[a?l, . . . , X r j. 
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This A-ring structure also endows Q(q){xi, . . . , x r ] with A-operations and cr-opera- 
tions. Let m be the maximal ideal of Q(q)lx\, . . . , x r J. Define the map Exp : m — > 
f + m by the formula 

Exp(/) = °k(f) = exp ( £ \Mf)) , 

k>0 k>l 

where the map exp (as well as the map log used below) is defined as in [IJ Ch.II 
§6]. For any /, g S m, we have 

Exp(/ + 5 ) = Exp(/)Exp( 5 ). 

The map Exp has an inverse Log : 1 + m — > m which is given by the formula of 
Cadogan (see [3IHJ|2S]) 

L °g(/HE^r^(io g (m 

k>l 

where \x is the Mobius function. 

For any n £ Z and m £ N, we define the g-binomial coefficients by 

nr=i(w i+fc ) , 



[n, m\ 



n + m 
m 



nr=i(i-9 fe ) 
i 



7 nr =1 (i-<? fe ) 

These functions can also be defined in the following way. Define the g-Pochhammcr 
symbols (cf. [T5]) 

(x; q)^ = (1 - x)~ := - ^x) = J] Exp^x)" 1 

fe>0 fc>0 

= Exp(^ (? fc a; ) _1 =Exp('^-) eQ(4)[4 

and 

fT.«i -n rv — _ /n£=o(i-g**). ">o, 

Then 

(<?;<7)m+r> _ (<?" +1 ;g)m r , 1 



\Tl,m\ = ; ; : = ; ; , OO, T7l\ = 



(q;q)n(q;q)m {q;q) m ' {q;q)i 

Theorem 2.1 (Heine's formula, see [HI Theorem 13.1]). We have 

mQ(q)[t][x]. 

In particular, taking t = or t = q n+1 , we obtain 
Lemma 2.2. We have 

]T[co,4* fe = Exp(-^-) , 
fc>0 ^ ^' 
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and, for any n £ Z, 

VVn, fc]a; fe = Exp 

fc>0 

For any v — (yi) r i=1 £ 17 and a = {a l )l =1 £ W, we define 

r 

[u,a] := Y[[vi,a% 

i=l 

The same notation is used for a weight vector v £ P and a root vector a £ Q+ (see 
the introduction). 

We discuss now the relation between the definition of fermionic forms in the 
introduction and the usual definition [HI (4.3)], [13l (4.5)]. Given a sequence 
v = (i>k £ P+)k>i with almost all elements being zero and A £ P+, one defines 
loc.cit. 

m(u,\,q):= ^ q c{m) \p k (m), m k ], 

m—(mp i ) k>l 

where the sum runs over all m = (mj- £ Q+)k>\ (with almost all elements being 
zero) satisfying 

(1) pfc(m) := EiM^oMMK^ - toj) G P+, for any k > 1, 

( 2 ) Efc>i fc K - TO fc) = A 
and where 

c(m) := min{k,l}^(m k> mi) - ^ min{fc, m;). 

fc,J>l k,l>l 

If we define 7rj. := Ei>fc ^ ana - T fc = T k( m ) '■— Ez>fc m z f° r k > 1 then it holds 

(1) p fc (m) = Ei=i(i"i - T 0, 

(2) E fe > 1 K-T fc ) = A, 

(3) c(m) = lE^iK^fe) -Efe^i^fe.^)- 
This follows from the following easy fact 

Lemma 2.3. Let tt, t £ V be partitions and let n/. := 7Tfc — 7Tft+i, := — Tfc + i 
for k > 1 . TTien we Ziave 

min{fc, l}n k mi = ^ K kTk- 

k,l>l k>l 

We can now rewrite the definition of the fermionic form: 

k 

m{v, A, q) = J2 II q T{Tk) - { ^ Tk) E(«l " l).^ " 

T fc>l 1=1 

where the sum runs over all partitions r £ V 1 (we identify Z 7 with the root lat- 
tice Q) satisfying 

(1) Ztifa-n) SP+ forallfc>l, 

(2) Efc>iO"fc ~ T fc) = A. 

The definition of the fermionic form given in the introduction is precisely the last 
one. 
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3. Polynomial-count varieties 

By an algebraic variety over a field k we will understand a separated scheme 
of finite type over k. All the algebraic varieties of this section will be assumed 
to be quasi-projective. Given an algebraic variety A over a field k and a prime 
number I ^ char k, we define Hl(X, Qi) = Hf.(X-£, Qi) to be the i-th group of etale 
cohomologies with compact support of X-^ = X ®fc k, where k is a separable closure 
of k. 

Definition 3.1. Given an algebraic variety X over a field k and a prime number 
I ^ char fc, wc define the Poincare polynomial P{X, q) 6 Zfg 1 / 2 ] of X by the formula 

P(X, = dim J^(X,Q,)« </3 - 

i>0 

Definition 3.2. An algebraic variety X over a finite field k is called strictly 
polynomial-count if there exists a polynomial P £ Q[q] such that, for any finite 
extension ¥ q /k, we have 

P(q) = #A(F ? ). 

X is called polynomial-count if it is strictly polynomial-count over some finite field 
extension of k. In both cases the polynomial P is called the counting polynomial 
of X. 

Example 3.3. The scheme given by x 2 = 2 in Ag. is polynomial-count but not 
strictly polynomial-count. 

Remark 3.4. Let X be an algebraic variety over a finite field F g . If A is strictly 
polynomial-count with a counting polynomial P(q) = X)i>o ai( f then its zeta- 
function equals 

Z(X,t) = exp ( \#X(W qn )t n ) = Exp(tP)(g) = [](I - tqT a \ 

n>l i>0 

As Z(X, t) is a rational function, it follows that P has integer coefficients. Moreover, 
X is strictly polynomial-count if and only if its zeta-function has zeros and poles 
only of the form q k , k G Z. Using the Grothendieck-Lefschetz formula one can 
express the zeta-function [S] 1.5.4] 

Z(X, t) = ]J dct(l - tF\Hl(X, Q ; )) ( ~ ir+1 , 

i>0 

where F € Gal(F g /F 9 ) is a Frobenius element. This implies that if the eigenvalues 
of Frobenius F on H*(X,Qi) are all of the form q k , k e Z, then X is strictly 
polynomial-count. If the eigenvalues of Frobenius F on H*(X,Qi) are all of the 
form £q k , where £ is a root of unity and k G Z, then A is polynomial-count (cf. 
[2"2l Definition 2.6]). The last formula also implies, that if the cohomologies of A 
are concentrated in even degrees and A is polynomial-count then the coefficients 
of the counting polynomial are nonnegative. 

Definition 3.5. Let A be an algebraic variety over a finite field ¥ q and let 
I charF g be a prime number. A is called Z-pure [3] if, for any i > 0, the 
conjugates of the eigenvalues of Frobenius F on H*(X, Qi) have absolute value q 1 / 2 
(the eigenvalues of Frobenius are algebraic numbers [6l Theorem I]). 
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Lemma 3.6 (cf. [3[ Lemma A. 1]). Let X be an algebraic variety over a finite field ¥ q 
and let I ^ charF g be a prime number. Assume that X is I -pure and is polynomial- 
count with a counting polynomial P. Then the cohomologies with compact support 
of X are concentrated in even degrees and the Poincare polynomial of X equals P 
and has nonnegative coefficients. 

Proof. We can suppose that X is strictly polynomial-count. As we have mentioned 
already, the zeta-function 

Z(X, t) = H det(l - tF\Hl(X, Qi)) ( ~ ir+1 

has zeros and poles of the form q k , k € Z. Using the purity of X, we deduce that 
H*(X, Qi) — for odd i. Moreover, the eigenvalues of F on even cohomologies are 
of the form q k , k 6 Z. This implies that the eigenvalues of F on H^ l (X,Qi) equal 
q l . It follows that 

Z(X,t) = Y[(l-tq i )- d3mH ?l X M. 

i>0 

But we have seen that Z(X,t) = rTi>o (1 — tq l )~ ai , where P(q) — J2i>o ai 1 l - This 
implies that P{q) = J2 i>Q dimH^(X,Qi)q l = P(X,q). □ 

Let F be a number field. All places of F that we will consider are assumed to 
be finite (we identify them with the maximal ideals of the ring of integers Of)- 

Remark 3.7. Let F be a number field and let O be its ring of integers. Given 
an algebraic variety X over F, there exists a scheme X' over some localization Of 
of the ring O such that X' ®e>, F ~ X. This allows us to define the schemes 
X' k ,s — X' ®o f k(v) over residue fields k(v) for almost all places v of F ("almost 
all" means here all except a finite set). If X" is a different scheme over some 
localization O g such that X" ®o F ~ X then X' and X" are isomorphic over 
some localization of O and therefore X' k( *. ~ X'£,^ for almost all places v of F. We 
will assume that some scheme X' as above is fixed and denote the schemes XL^ 
just by Xmv)- For any field extension k/k(v), we define X(k) — X k ^(k). Again, 
this is well-defined for almost all places v of F. 

Remark 3.8. Let X be an algebraic variety over a number field F and let I be a 
prime number. Given an embedding i : F <^-> C, consider the scheme Xc = X (Dp C 
and endow the set Xc(C) with the structure of a complex space. By the Base 
Change Theorem [U Theorem 1.8.7], we have 

H* c {X,Qi) ~ HiiXcQt). 

By the Comparison Theorem [8l Theorem 1.11.6], we have 

Hi(X c ,Qi) ^ Hi(X c (C),Qi), 

where on the right hand side we consider the usual cohomologies with compact 
support. These formulas imply, in particular, that the Poincare polynomial of X is 
independent of the prime number I. For almost all places v of F, we have 

dimH l e (X,Qi) = dimHi{X Hv) ,Qi), i > 0. 

Indeed, let X be defined over a localization Of, where O is a ring of integers 
of F. Denote by n : X — > Spec Of the corresponding structure map. For any 
i > the sheaf -ffmQz is constructible Theorem 1.12.15]. This implies 
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Proposition 1.12.10] that this sheaf is lisse (i.e. the corresponding Z-adic projective 
system consists of locally-constant sheaves) over some open subset of Spec Of. It 
follows that the dimensions of the stalks at all points of this open set coincide 
and this proves our statement. We deduce that, for almost all places v of F, the 
Poincare polynomials of Xy v \ and A coincide. 

Definition 3.9. An algebraic variety X over a number field F is called strictly 
polynomial-count if, for almost all places v of F, the algebraic variety Xm v -\ over a 
finite field k(v) is strictly polynomial-count. An algebraic variety X over a number 
field F is called polynomial-count if X is strictly polynomial-count over a finite field 
extension of F. Given a prime number I, X is called /-pure if, for almost all places 
v of F, the algebraic variety Xy^ is /-pure. X is called pure if it is Z-pure, for all 
prime numbers I. 

Remark 3.10. If A is a polynomial-count algebraic variety over a number field F 
then Afe(„) is polynomial-count for almost all places v of F. We do not know if the 
converse statement is true. 

Theorem 3.11 (Katz [HI Theorem 6.1.4]). Let X be a polynomial- count algebraic 
variety over a number field F. Then the algebraic varieties X^m have an identical 
counting polynomial P G Z[g] for almost all places v of F. The virtual Hodge 
polynomial [3] of X can be expressed as 

E(X;u,v) = P(uv). 

Proposition 3.12 (see [3]). Let X be a nonsingular algebraic variety over a number 
field F . Assume that there exists a G m -action on X with the properties 

(1) for every x G X there exists the limit hmj_>o tx; 

(2) X Gin is projective. 

Then X is I -pure for any prime number I. 

Proposition 3.13 (Nakajima [3]). Let X be a nonsingular algebraic variety over 
a number field F and let ir : X — > A 1 be a smooth morphism over F. Assume that 
there exists a G m - action on X with the properties 

(1) for every x £ X there exists the limit lim^o tx; 

(2) 7r : Xp — ► Ap is G m -equivariant with respect to some & m -action on A F of 
positive weight. 

Then, for every X £ F, the algebraic varieties 7r _1 (0) and 7r _1 (A) represent the 
same element in Ko(Sch/Q) (see e.g. [16, Katz]). In particular, if 7r _1 (A) is 
polynomial- count then so is 7r _1 (0) and they have the same counting polynomial. 

4. Geometric invariant theory 

Let R be a noetherian ring and let G be an affine group scheme over R. 

Definition 4.1. A morphism of finite type tt : X — > Y of schemes over R, where 
X is endowed with an action of group G, is called a good quotient if 

(1) 7r is G-invariant, affine, and surjective; 

(2) the natural homomorphism Oy — > (ir*Ox) G is an isomorphism; 

(3) for any closed G-stable subset Z of A, ir(Z) is closed in Y; 
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(4) for any geometric point R — > k, tx induces a bijection between Y(k) and 
the quotient of X{k) by the equivalence relation 

x ~ y <^GxnGy ^ ® in X ® R k. 

It is called a universal (respectively, a uniform) good quotient if it stays a good 
quotient after any base change (respectively, any flat base change) Y' — > Y. A 
good quotient is called a geometric quotient if all the orbits of the geometric points 
of X are closed. 

Remark 4.2. Sometimes the condition that ir is affine is omitted (cf. 30, Def. 0.6]). 
If tt : X — > Y is a good quotient and Z±,...,Z n are G-stable closed subsets of X 
then 

n n 

tt( pi ^) = p| tt(^)- 

It is proved in [36l Remark 8] (cf. [30l Remark 0.6]) that good quotients are cate- 
gorical quotients ([301 Def. 0.5]). 

Theorem 4.3 (Seshadri 36, Theorem 3]). Let G be a reductive group scheme acting 
on an affine scheme X = Spec A over R. Assume there exists a closed G-invariant 
embedding X <— » A^ = SpecSV v , where V is a G-R-module, free of rank n over 
R. Then n : X — > Y = SpecA G is a uniform good quotient. If R is universally 
Japanese [111 Ch.0, 23.1.1] then Y is of finite type over R. 

Proof. Everything except the last condition of Definition 14. II is proved in 36, The- 
orem 3]. The last condition is also stated there but it relies on [361 Proposition 
6], whose proof (and also the statement) contains certain inaccuracies. Still, we 
can prove a similar result. Namely, we prove that for any two geometric points 
x, y £ X{k) we have 

in X ®r k if and only if there exists some / G T(X, Ox) G with f{x) ^ f{y)- 
The "if" direction is trivial. To prove the "only if" direction, we make the same 
reductions as in Proposition 14.61 and assume that X = Spec SV V , R is a discrete 
valuation ring or a field and R — » k is surjective. Next, we can find fo G SV V such 
that fo{Gx) = 1 and fo(Gy) = 0. The i?-module W generated by the G-translates 
of fo in SV V is finitely generated [36l Prop. 3] and is free as R is a discrete 
valuation ring. Consider a canonical map tp : Spec5V v — > SpecSW. Then ip(x) 
is a G-invariant point in the affine space Spec(«SW ®k k), tp(y) = and <p(x) ^ 0. 
Applying [36l Theorem 1], we can find a homogeneous polynomial f\ € (SW) G of 
positive degree such that fi(<p(x)) ^ 0. It is clear that fi(<p(y)) — 0. We define 
now / = fi(p. The result, which has just been proved, implies the last condition 
of Definition 14. 1 1 if we can show that X(k) — > Y(k) is surjective. But X is of finite 
type over R and therefore it is also of finite type over Y. It follows that a surjective 
morphism X — > Y induces a surjective map X(k) — ► Y(k). □ 

Remark 4.4. Excellent rings are universally Japanese [HI 7.8.3]. In particular, 
any algebra of finite type over a field or over Z is universally Japanese. 

Let an affine group G act on an affine scheme X over R. Given a character 
X ■ G —y G m , we can endow the line bundle L — X x A^j over X with a G- 
linearization, where the action of G on the second factor is given by \- Let us recall 
[30l Ch.l, Def. 1.7] that a geometric point x of X is called L-semistable (we will 
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also say x _seni i s table or just semistable) if there exists a section s 6 T(X,L n ) G , 
n > 1 such that s(x) ^ 0. There exists an open subscheme X ss of X, such that the 
semistable points of X are precisely the geometric points of X ss . The embedding 
of graded algebras 

0r(i,if ^0r(i,L n ) 

n>0 n>0 

induces the map 

X ss ^Proj0rpC,£") G 

n>0 

which is known to be a good quotient if R is an algebraically closed field and G is 
reductive [21] • The goal of this section is to prove this result for an arbitrary ring R 
(under certain conditions). This result is not covered by the results of [36] but, as we 
will see, it can be deduced from them. From now on, we assume that G is reductive 
and that there exists a closed G- invariant embedding X =— ► = Spec SV V , where 
V is a G-i?-module, free of rank n over R. 

Proposition 4.5 (cf. 10, Ch.O, 10.3.1], [36] Theorem 1]). Let A be a discrete 
valuation ring, m be its maximal ideal, and k = A/m be its residue field. Let k <^-> I 
be a field extension. Then there exists a flat homomorphism A — > B, where B is a 
discrete valuation ring such that the maximal ideal of B equals mB and the residue 
field of B is k-isomorphic to I. 

Proof. We will show that the construction of [TO] Ch.O, 10.3.1] gives a discrete 
valuation ring if A is a discrete valuation ring. 

If I = k(t), where t is a variable, then one considers A' = A[t], m! = mA' , and 
defines B — A' m ,. It is proved in [TQ1 Ch.O, 10.3.1] that B is local, noetherian and 
satisfies all conditions of the proposition except the condition that B is a discrete 
valuation ring. But it is clear that B is a domain and its maximal ideal m ' B is a 
principal ideal. This implies that B is a discrete valuation ring. 

Assume now that I = k(t), where t is algebraic over k. Let / 6 k[x] be the 
minimal polynomial of t and let F £ A[x] be the monic polynomial that projects 
to /. One defines then B = A[x]/(F) and shows (see [T0J Ch.O, 10.3.1]) that B 
is local, noetherian and satisfies all conditions of the proposition except the fact 
that B is a discrete valuation ring. It is clear that the maximal ideal mB of B is 
a principal ideal. To show that B is a domain, we note first that F is irreducible 
in K[x], where K is a field of fractions of A. This follows from GauB's lemma [38] 
Ch.l, §17, Lemma 1] and the fact that / is irreducible in k[x]. Consider now any 
two polynomials F\,F2 <E A[x] such that F1F2 £ FA[x\. Then F divides one of 
them in K[x] and therefore, again by GauB's lemma, also in A[x]. This implies that 
v4[a:]/Fv4[a;] is a domain. 

The next steps of the proof repeat the remaining part of the proof of [TUl Ch.O, 
10.3.1]. We just note that, given a filtered system (Ai, fy) of discrete valuation 
rings (Ai,mi)i£i such that : Ai — > Aj are flat homomorphisms and rrij = rriiAj 
for i < j, the colimit B = colim A; of the system is a discrete valuation ring. Indeed, 
it is a local noetherian ring with a maximal ideal = miB, for any i G J, by [101 
Ch.O, 10.3.3]. It follows that is a principal ideal. Moreover, B is an integral 
domain as a colimit of integral domains. This implies that B is a discrete valuation 
ring. □ 

The following result will be very important in Remark 15.51 
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Proposition 4.6. A geometric point x G X(k) is semistable if and only if for some 
lift x G L(k) of x, the closure Gx does not intersect the zero section of L. 

Proof. We can assume that X = Spec SV V . The "only if" part is trivial. Let us 
prove the "if" part. Assume that there exists some lift x G L(k) of x such that 
the closure Gx does not intersect the zero section. Let W be a G-module, free of 
rank 1 over R, given by the character x, and let t G W be its basis element. Then 
L ~ Spec S{V V © W v ) as a G-scheme and T(X, L n ) = SV V ® W®" as a G-module. 
We have to show the existence of some section s = so © t n G (SV V © VF®") , 
n > 1 such that s(x) 7^ or, equivalently so(x) 7^ 0. Note that if R — > J2' — > fc 
is a factorization with a flat first morphism then it is enough to find the section 
s G (<SV V © W® n © R') G ® R ' with the same property because 

(5F V (8) VK®" (8) i?') G ®«' = (5F V © VK®") G ® # 
by [36l Lemma 2]. 

After a flat base change, we may suppose that G is split reductive over R (see 
Exp. 22, Cor. 2.3], [36l p. 239]) and therefore G is obtained by a base change 
from a split reductive group G% over Z Exp. 25, Theorem 1.1]. By [36l Prop. 1] 
we can embed V as a pure G-i?-submodule into a finite direct sum of R[G] (pure 
submodule means that it stays a submodule after any base change). Then by [361 
Cor. 2 of Prop. 3] there exists a Gz-module U, free of finite rank over Z, and a 
pure embedding V U ®% R of G-modules. Hence, it is enough to find a section 
s e (SU V (g) W^ n ) Gz with s(x) ^ 0. Thus, we may suppose that R = Z. 

If char k — then Z — > k is flat and we may suppose by the above discussion 
that R — k. If charfc = p > then there exists a factorization Z — > Z( p ) — > A; with 
a flat first morphism. Moreover, by Proposition 14.51 there exists a factorization 
Z(p) — > i? — > fc with a flat first morphism and such that i? is a discrete valuation 
ring with a residue field k. By the above discussion we can assume that R = B. 
Thus, we can suppose that R is a discrete valuation ring or a field and R — » k is 
surjective. 

There exists some / G S(V v _© W) ® A: such that /(Gi) = 1 and J(X x {0}) = 0. 
The last equality means that / e ST V g) (0 n>1 VK®") (g) fc. Let us choose some 
representative / e S'l /V ® (0 n>1 T^®") of /. The i?-module U generated by 
the G-translations of / in SV V ®"(© n >! W® n ) is finitely generated [3l Prop. 3] 
and is free as R is a discrete valuation ring (or a field). The induced morphism 
ip : L — > Spec SU maps x to a nonzero G-invariant point. Applying [361 Theorem 1], 
we can find some G-invariant homogeneous polynomial fx G SU of positive degree 
such that fi(cp(x)) ^ 0. The image of f x under the map SU — > S'(l /V © W) is 
contained in (S'F^ 7 © (0 n > x 1^®")) G . Hence, for some s G (S'^ v © W®") G , n > 1, 
we have s(x) ^ 0. □ 

Corollary 4.7. for any morphism R — > i?'. we Ziaue 

(X© fl i?')" © fl i?'. 

Theorem 4.8. Le£ R be a noetherian ring, G be a reductive group scheme over R 
acting on an affine scheme X = Spec A over R and x ■ G — » G m be a character. 
Assume there exists a closed G-invariant embedding X <—* A r R = SpecSV v , where 
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V is a G-R-module, free of rank r over R. Then the map 
ir:X ss ^Y = Proj T(X, L n f , 

n>0 

where X ss is a subscheme of x-semistable points of X , is a uniform good quotient. 
If R is universally Japanese Ch.O, 23.1.1] then Y is of finite type over R and 
the canonical morphism Y —* Spec A G is projective. 

Proof. Let B = (B Jl>0 T(X, L n ). For any homogeneous / G B G of positive degree d, 
consider an open subscheme Yf — Spec(£? G )(y) of Y. The preimage of Yf in X 3S 
is X f = SpecS (/) . Note that (B G ) (f) = {B {f) ) G because [B G ) f = (B f ) G by pU 
Lemma 2}. Thus, it will follow from Theorem 14.31 that Xf — ► Yf is a good quotient 
if we show that there exists a closed G- invariant embedding Xf ^ Spec SU for 
some G-module U, free over R. Let us denote by W the G-module, free of rank 1 
over R, given by the character \- Then L = Spec(A ® SW V ) as a G-scheme and 
T(X, L n ) = A®W® n as a G-module. It follows B~A®SW = A[t] as G-algebras, 
where t denotes some basis element of W . The homogeneous element / G £? G can 
be written in the form fot d , where fo E A satisfies gfo = X~ d (9)fo for g G G. 
A surjective morphism of algebras A ® S'fW'^) = ^4[t d ] — » B(n, t d h-» l// is 
G-invariant and defines the required embedding of Xf in X x A 1 A™ x A 1 . 

As 1/ with homogeneous / € B G cover Y", we obtain that A ss — > Y" satisfies all 
properties (except the last one) of a good quotient. To prove the last property of 
a good quotient, we note first that X ss (k) — » Y(k) is surjective, as we can apply 
Theorem 14.31 locally. If two geometric points in X ss (k) have different images in 
Y{k) then the closures of their orbits do not intersect. Conversely, assume that 
x-y,X2 G X ss (k) are two geometric points such that the closures of their orbits do 
not intersect. We can find two homogeneous elements /i,/2 G B G of the same 
positive degree such that ^ and 72(2:2) ^ 0. Then one of the functions 

/ij/2,/1 + /2 is nonzero at both points x\,X2- Let us denote this function by /. 
Then the closures of the orbits of x\,X2 do not intersect in Ay ®_r k. Applying 
Theorem 14.31 we obtain that x\ and X2 are mapped to different points under the 
map X s {k) -> Y t {k). 

Assume now that R is universally Japanese. We have seen that B ~ A<E>SW as a 
G-algebra and therefore, by Theorem 14.31 B G is of finite type over R. This implies 
that B G is of finite type over A G and therefore Proj B G — > Spec A G is projective. 
As A G is of finite type over R by Theorem 14.31 we obtain that Proj B G is of finite 
type over R. □ 

Remark 4.9. A geometric point x G X(k) is called stable if it is semistable, Gx is 
closed in X ss <E> k and the dimension of Gx equals dimG ® k. There exists an open 
subscheme Y s C Y such that if X s = 7r _1 (Y s ) then the geometric points of X s 
are precisely the stable points of X (see [36, Remark 9]). The map ir : X s — > Y s 
is a geometric quotient and it induces a bijection X s (k)/G(k) —> Y s (k), for any 
algebraically closed field k (with a map R—>k). 

Proposition 4.10. Let G be a geometrically connected affine algebraic group acting 
on a scheme X over R in such a way that the stabilizers of the geometric points of 
X are connected. Let k be a finite field (with a map R — > k) and let F G Gal(fc/fc) 
be the Frobenius element. Then the map 

X{k)/G(k) -» (X(k)/G(k)) F 
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is bijective. 

Proof. To prove the injectivity, assume that 1,1/6 X{k) are mapped to the same 
point, that is, there exists some g G G(k) with gx = y. This implies 

gx = y = F(y) = F(gx) = F(g)F(x) = F(g)x. 

Let H C G(k) be the stabilizer of x. Then H is an F-invariant connected afhne 
algebraic group and g~ 1 F(g) G H. It follows from the Lang-Steinberg theorem 
[291137] that there exists some he H such that g~ 1 F(g) = hF{h~ x ). Then F{gh) = 
gh and (gh)x = gx = y. This implies the injectivity. 

To prove the surjectivity, consider a representative x G X(k) of some element 
from (X{~k)/G(k)) F . It satisfies F(x) = gx for some g G G(k). By the Lang- 
Steinberg theorem there exists some h G G(k) such that g^ 1 = h~ 1 F(h). This 
implies 

F(hx) = F(h)F(x) = (hg-^igx) = hx 
and therefore hx G X(k) F = X(k). □ 

Remark 4.11. Let 7Z a = TZ a (T) be the space of representations of a quiver T and 
let k be a finite field. It is proved in [211 Lemma 5.2.1] and [211 Lemma 5.3.2] that 
the map 

K a (k)/GL a (k) -» (K a (k)/GL a (k)) F 
is bijective. The proof in [24] is completely elementary. 

Corollary 4.12. With the notation of Theorem \4-.8\ assume that G is geometrically 
connected and acts freely on geometric points of X s . Then tt : X s — > Y s induces a 
bijection X s (k)/G(k) — > Y s (k), for any finite field k (with a map R — > k). 

Proof. Let k be the algebraic closure of k and let F G Gal(A/fc) be the Frobenius 
element. We know that X s (k)/G(k) — > Y s (k) is a bijection. This implies that 
Y s (k) = Y s (k) F can be identified with (X s (k)/G(k)) F and the claim follows from 
the above proposition. □ 

5. Moduli spaces of quiver representations 

Let (T,I) be a finite quiver, where T is the set of arrows and I is the set of 
vertices. We will usually denote the quiver just by T. For any arrow h G T, we 
denote by h! and h" its source and target, respectively. For any field k, we denote 
by fcr the path algebra of T over k. A AT-representation will be considered as a pair 
(V,x), where V — ®i£iVi is an /-graded fc-vector space and x = (xh)her consists 
of homomorphisms Xh : Vh> — + Vb." ■ 

We denote by T the double quiver of T, obtained from it by adjoining reverse 
arrows for all arrows in T. For any h G T, we denote by h the opposite arrow 
contained in T. For any a = (a*)igj G and = (vi)i£i G Z 7 , we define 

Given an /-graded vector space V — (Bi^iVi, we define its dimension to be 
dimF :— (dim Vi)iei G N 7 . Given two /-graded vector spaces V and W, we denote 
the vector space of /-graded morphisms between them by Hom/(V, W). 

Let V be an /-graded vector space of dimension a. Define the space of represen- 
tations 

K a (r,k) :=0Hom(Vfc/,V/ l »)- 
her 
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We can identify TZ a (T, k) with lZ a (T, k) © TZ a (T, fc) v . There is an obvious action 
of the group 

GL Q (fc) := J]GL a ,(fc) 

on TZ a (r, k) and on lZ a (T,k) (this action can be factored through G a {k) — 
GL Q (fc)/(G m (fc), where G m is considered as a diagonal subgroup in GL a ). 

Remark 5.1. For any commutative ring R, we can construct a free i?-module 
lZ a (T, R) in the same way as above. We define then an affine space 

n a {T) R = Spec S{K a (T,Ry) 

over R. The scheme TZ a (T) = lZ a (F)z is endowed with an action of the algebraic 
group GL Q over Z. 

Now we recall some facts about the moduli spaces of semistable representations 
of quivers from the paper of King |21| . Consider some 9 G Z 7 , called further 
stability. 

Definition 5.2. We define a slope function p = pg : N 7 \{0} — > Q by the formula 



Given a field k, we call a fcF-representation V to be ^-semistable (respectively, 9- 
stable) if, for any nonzero proper subrepresentation U C V, we have pg(dimU) < 
/ig(dimV r ) (respectively, ^(dimt/) < pg(dhnV)). A stable fcr-representation is 
called absolutely stable if it stays stable after any field extension of k (semi- 
stable representations always stay semistable [35j Lemma 4.2]). We denote by 
TZ a (T, k) ss the subset of TZ a (T, k) consisting of semistable representations. Denote 
by 7^ Q (r, k) s the subset of TZ a (T, k) consisting of absolutely stable representations. 

Remark 5.3. Stability 9 is called a-generic (or a-coprime) if 

He (/3) ^ fie (a), < (5 < a. 

In this case all semistable points in lZ a (T, k) are automatically absolutely stable. 

Remark 5.4 (cf. 34,, section 2.2]). The original definition of stability of repre- 
sentations [2J: is slightly different from Definition 15.21 There, given an element 
9' G Z 7 , one calls a representation V of T to be ^'-semistable if 9' ■ dimV = 
and for any subrepresentation U C V, we have 9' ■ dim U > 0. We can relate this 
definition to Definition 15.21 as follows. Let a G N 7 \{0} and consider some stability 
6 G Z as in Definition O Let p G Z 7 be given by pi = X, i G I. Let a — 9 ■ a, 
b = p ■ a = ht a and let 9' = ap - b9 G Z 7 . Then 9' ■ a = and for any (3 G N 7 \0, 
the condition 9' ■ /3 > is equivalent to 

0-/3 a 9-a 

— - < - = , 

htfi ~ b hta 

that is to pe(j3) < pe(a). It follows that for representations of dimension a, the 
condition of 0-semistability given in Definition 15.21 is equivalent to the condition of 
#'-semistability given at the beginning of this remark. 
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Remark 5.5. It was shown in 21j that the stability condition on TZ a (T) can be 
interpreted in terms of geometric invariant theory (see Section HJ. Namely, for any 
stability 9, one constructs a character \ '■ G a — > G m by the rule 

where 0' was defined in Remark 15.41 Then the geometric points of the scheme 
lZ a (r) are ^-semistable (respectively, x _s t a ble) if and only if they are semistable 
(respectively, stable) according to Definition 15.21 This result was proved in [21] for 
R being an algebraically closed field. But the proof in [21] uses the definition of \~ 
scmistability (respectively, %-stability) as in Proposition 14.61 (respectively, Remark 
14.91 and Proposition I4.G[) and therefore works for arbitrary rings. It follows that 
there exist open subschemes 7?. a (r) ss (respectively, TZ a (T) s ) of TZ a (T) such that 
their geometric points are precisely the semistable (respectively, stable) points of 
TZ a (T). This subschemes are well behaved with respect to the base change by 
Corollarv l4.7l For any field k, we have 

K a (T) ss (k) = K a (T, k) ss , K a (r) s (k) = K Q (T, k) s . 

We can use the results of the previous section to construct the quotient of TZ a (T) ss 
(or 7Z a (T) s ) by the action of G a over an arbitrary ring R. 

Definition 5.6. A £T-representation (V, x) is called nilpotent if there exists some 
N > 1 such that for any path h\ . . . Hn in T (i.e. h'[ = h' i+1 , 1 < i < N), we have 
Xh N ■ ■ ■ Xh x = 0. Denote by 7\L Q (r, k) n the subset of ^(r, k) consisting of nilpotent 
representations. Define also K a (T, k) ns = K a (T, k) n n 1l a (T, k) s . 

The action of GL Q on TZ a (T) = TZ a (T) ® 7?. Q (r) v induces a moment map 
given by 

her 

where gl a — YliQ^i is a Lie algebra of GL Q , g a is a Lie algebra of G a , gl^ is 
identified with gl a by means of the trace pairing and gl a is identified with 

matrices (^i)ie/ such that X^tr£i = 0. 

Lemma 5.7. The moment map /i : lZ a (T) s — > is smooth. 

Proof. Assume first that R is an algebraically closed field. Stability condition im- 
plies that the stabilizer in G a of any stable point is trivial. This implies that the 
differential of \x is surjective on tangent spaces and therefore [i is smooth at stable 
points. The smoothness of fi for an arbitrary field R follows now from a faithfully 
flat descent [11] 17.7.3]. Applying [T2] Exp. 2, Cor. 2. 2], we obtain that \x is smooth 
for an arbitrary noetherian ring R. □ 

Corollary 5.8. 7//i _1 (0) s is nonempty then the map /i : lZ a (T) s — > 2a * s surjective. 

Proof. The smooth morphisms are open, so the image of the map /i : TZ a (T) s — > 
is open. As this image contains and is stable with respect to the multiplication 
by scalars, it coincides with the whole g^. □ 
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Lemma 5.9. Assume that the stability 9 is a-generic and that there exists some 
G a -invariant element £ G fla(Q) with a nonempty /i _1 (£) s C lZ a (T)Q- Then 
the map \jl : lZ a (T)q — > 9aQ * s surjective and the varieties M _1 (?) s / / C a and 
(0) s //G a represent the same element in .Ko(ScI 



Proof. In view of the last corollary, we have to prove only the second statement 
. Let L be a line through points and £ in the affine space q. Consider the 
schemes X = ^(Lf, Y = ^(L), X = X//G a and y := Y//G a over Q. There is 
a commutative diagram 

X c ► Y 



x — y — »l, 



where p is projective by Theorem 14.81 The composition X — > y — > L is smooth. 
Indeed, A is smooth by Luna's etale slice theorem and the differential of X — > L is 
surjective on tangent spaces as this is so for X — > A" — + L by Lemma T5. 71 Let G m 
act on lZ a (T) by multiplication of all the matrices by scalar. This action induces 
the action of G m on X, Y, X and y. There is also an action of G m on L such that 
the rightmost map in the above diagram is G m -equi variant. The assertion of the 
lemma will follow from Propostion 13.131 if we show that for any x € X there exists 
limt^o tx. The map G m — > y, t i— > tp(x) can be extended to A 1 by i— > 0. Now 
it follows from the projectivity of p that the map G m —> X , t *—)■ tx can also be 
extended to A 1 — > A". This proves the existence of the limit. □ 

Remark 5.10. Multiplying the element £ by some integer, we may assume that 
£ € 0^ (Z) . Then all constructions of the above lemma can be made over Z. Note 
that the formation of quotients commutes with flat base change Z — ► Q. 

5.1. Quiver varieties. Let K be an algebraically closed field. For any v G P+, 
define an enlarged quiver by adjoining to T a new vertex * and i/j arrows from 
* to i, for each i G I. Its set of vertices is /* = I U {*}. For any a G Z 7 and any 
k G Z, we consider the pair (a, fc) as an element of Z 7 * . 

Let IF be an /-graded vector space of dimension (^i)ig/ and let V be an /-graded 
vector space of dimension a. We identify W{ with -fTft., for i G /. Define 

M(a,i/) := ft (Q ,i)(r*) = ft Q (r) ©Hom/(IF,F) ©Ho m/ (F,IF). 

The elements of this space will be represented as triples (x,p, q) with elements corre- 
sponding to the above decomposition. Note that G( Q ,i) = (Tlie/ GL at xG m )/G m ~ 
GL Q . Therefore the moment map can be considered as a map /z» : M(a, v) — > gl^. 
It is given by the formula 

fi*(x,p,q) = fj,(x) +pq, 

where we again identify Ql^ with gl a by the trace pairing. 
Let us fix a stability 9 = (0, . . . , 0, -1) G Z 7 * . 

Lemma 5.11. Stability 9 is (a, l)-generic. An element (x,p,q) G M(a, i/) is stable 
if and only if any I-graded x-invariant subspace V C V such that q(V) = 0, is 
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Proof. Any element < ((3, k) < (a, 1) is either of the form (/3, 0) with < [3 < a or 
of the form (/3, 1) with < (3 < a. In the first case we have pe(f3, 0) = > pe{a, 1). 
In the second case we have 

M/U) = ^<^ = M°,i)- 

This shows that 9 is (a, l)-generic and that a stable representation (x,p,q) of di- 
mension (a, 1) does not contain nonzero subrepresentations of dimension (/3,0). 
These representations correspond to /-graded cc-invariant subspaces V 1 C V such 
that q(V) = 0. □ 

Definition 5.12. Define the quiver variety M(a,v) to be the good quotient 
//- 1 (0) s //GL Q . Define C{a,v) = ^-\0) ns // GL a . 

Remark 5.13. It is easy to see that C(a, v) is the preimage of zero under the 
projective morphism /i^ 1 (0) s / GL Q — » /i~ 1 (0)/ GL a . It is known that an element 
(x,p, q) £ M(a, v) s is nilpotent if and only if x is nilpotent and p = 0, see e.g. [3"Tl 
Lemma 5.9] or 2BJ Lemma 2.22]. 

Let T denote the Tits form of the quiver V and let T* denote the Tits form of the 
quiver L*. As in the introduction, we define c?(a, v) := 1 — T*(a, 1) = a ■ v — T(a). 

Theorem 5.14 (Nakajima [321 Section 3]). The variety A4(a, v) is smooth and 
the variety C(a,v) is projective. The complex manifold M(a, v)(<C) is symplectic 
and its subvariety C{a 1 ^)(C) is a Lagrangian subvariety homotopic to M(a, v)(C). 
The dimension of A4(a, v) equals 2d(a,v). 



6. Hausel Formula 

In this section we give a new proof of Hausel's formula based on Hua's formula 
for the absolutely indecomposable representations of a quiver. 

Let (F,7) be a finite quiver. It was shown by Kac [19] that, for any a G N J , 
there exist polynomials a a (T) S 1\q\ and m Q (T) £ 1\q] such that for any finite 
field Fq, a a (T,q) (respectively, m a (T,q)) is the number of isomorphism classes of 
absolutely indecomposable representations (respectively, all representations) of F 
over F q of dimension a. It was proved by Kac [TH] that a a ^ if and only if a is 
a root of g(r) (the Kac-Moody algebra associated to T) and a a = 1 if and only if 
a is a real root. Let us define the generating functions a(T, q) = J^aen 1 °a(r, q)x a 
and m(r, q) — X^eN' m a(^j q)x a . Then we have [551 Lemma 5] 

m(T,q) = Exp(a(F,g)). 

The formula of Hua (see [551 Theorem 6] ) says that 

E X p(^M)=r(r j ,) 1 

where r(T, q) = J2aen' r a( r , q)x a and 

r a (T,q- 1 )= J2 n^t 00 '^-^-!]- 
\r\=a fc>l 

Proposition 6.1 (see [3J Proposition 2.2.1]). The quiver variety A4 — A4(a,v) is 
polynomial- count with a counting polynomial 
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Proof. Recall that our stability is 9 — (0, . . . , 0, — 1). Applying the construction 
of Remark E31 we get an element 9' = (— 1, . . . , — 1, ^ a,-). We consider it as an 
element of £jl( Q ^ ~ QL a ^ consisting of diagonal matrices. Consider the moment 
map /j,* : 7?.( Ql i) (r„) — > £)l( Qi i). All geometric points of ^ 1 {9') describe irreducible 
(and in particular stable) representations. Indeed, let (x,p,q) be any such point 
and let V © W C V © K be a nonzero proper I» -graded subspace of dimension 
(/?, k), stable under (x,p, q). Then /!*((#, p, q)\y®W<) = 9' as an element of k). 
Hence 

9' ■ (/3, k) = 9' ■ (a, I) = 0, 

as the sum of the traces of any element from the image of the moment map is zero. 
This implies that ne(j3,k) = pig(a,l) which is impossible by Lemma 15.111 Hence 

»- x {e'y = ii-\e'). 

It was proved in [3l Proposition 2.2.1] that 

#( M ; 1 (0')(F g )/ GL {aA) (¥ q )) = q d ^a [a ^(T*,q). 

It follows from Corollary 14.121 that the geometric quotient /j,~ 1 (9') s // GL^ a ^ is 
polynomial-count with a counting polynomial as above. Now Lemma 15.91 implies 
that also £i7 1 (0) s / / GL( Q ^ is polynomial-count with the same counting polynomial. 

□ 

We denote the counting polynomial of M. = A4(a, v) by P(A4, q). 

Proposition 6.2. The quiver variety A4(a, v) is pure (see Def. \3.9\) . Its Poincare 
polynomial (of cohomologies with compact support) equals P(Ai,q). 

Proof. We have to check the conditions of Proposition 13.121 for the quiver variety 
M = GL Q . We define the same action of G,„ on ^~ 1 (0) s /GL Q as in 

Lemma 15.91 The existence of the limit is proved in the same way as there. The 
G m -invariant part of M. is mapped to zero under the projective morphism p : 
V* 1 {0) s // GL a — > ACHO)/ GL q , as the only G m -invariant point of 7£( a) i)/GL Q is 
zero. This implies that Ai G ™ is projective. □ 



Theorem 6.3 (Hauscl formula). We have 

aeQ+ y ,q> 

where r{y,q) is given by equation ([3]). 
Proof. For any n e N, we define 

a* := J2 n >o a « x * an< i r * := E n >o r n x * ■ Applying Hua's formula to the quiver T* 
we get a*(q) = (q — 1) Log(r*(g)J and therefore 

k> 1 

= ( ff - i)— logCr.C,))!^ = (, - D-^pUo - (« - D^y ■ 
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We will show in the next lemma that r(v,q) = (q — l)ri(g). As ro(q) = r(T,q) 
r(0, q) we get 

J2 q- d{a - v) P{M{a lV ),q)x a = E a (cM) (r„ q)x<* = j^L 



□ 

Lemma 6.4. We have 

E r (a ,l)(T*,q)x = — -. 

aeN 1 

Proof. Let T* be the Tits form on 7L 1 * associated to the quiver IV Then, for any 
(3 6 Z 1 , wehaveT*((/3,l)) = T(/3) + l-(z/,/3) and T*((/3, 0)) = T(j3). Any partition 
of (a, 1) is determined by a partition of a as there exists just one partition of 1. 
All these remarks imply 

q ' Jt\ TT -T(r k )l 



E r {a ,i)(T*,q)x a = — -i ^'II^'K^-^i 

q£N 7 tEP' fe>l 

«( Iy .' r l) 



^n^ [oo,r t - %1 l = ^. 
o—l - 1 A o—l 

t£T" ^ fc>l ^ 



□ 



Remark 6.5. Using the Hausel formula, the first Kac conjecture can be easily 
proved. This was announced by Hausel in [15] . We give a brief idea of the proof. 
The first Kac conjecture says that, for any a G Q+, we have dimg Q = a Q (0), 
where g is the Kac-Moody algebra associated to the quiver T and a a (q) = a a (T, q). 
Equivalently, for any a G Q+, we should have dim(L r g) ct = m Q (0), where 
J2 m aX a — Exp(^ a a x a ). It holds dim(L/g) a = dimL(i/)„_ Q for v ^> (this 
means that all coordinates of v are large enough). From the results of Nakajima 
321 it follows that 



dimL(i/)„_ a = dimi^ nid (7W(a,i/),C) 

= q- d ^P(M(a,v),q)\ q = = (^|) q = (rM)m(0)) a . 

To show that {r{v, 0)m(0)) Q = m a (0) for v » one has to prove that r{v, 0)o = 1 
and r(i>, 0)^ = for < (3 < a and v 3> 0, which follows from equation ([3]). 

7. Combinatorics of fermionic forms 

All the generating functions of this section will be considered as elements of the 
ring R = Q(g)[xi, £ /]. Given a function / G -R, we will denote by / Q its 
coefficient by y a , where a G N 7 . For any c e P, wc define a ring homomorphism 
S„ : i? -> i? by 

Note that S^SV = S^+v For any v £ P, define 

== E [^ a ]y Q - 
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Define 

ckGQ+ 

Lemma 7.1. FFe ftowe = p ■ S„p. 

Proof. We can suppose that #/ = 1. Then, for any n G Z, 



/ 1 — g™ +1 

= t n ' fc ] yfc = Exp ( — y 

k>0 ^ q 



and 



p = ^[oo,% fc = Exp( - 



fe>0 



This implies 



p • 6„p = Exp ^ j— + - - j = Exp I - _ - y j = p[n). 



Define 



□ 



a(y) := £ z'V 1 J[ q T ^ [u - 5>,t* - r k+1 ], 

tEV 1 k>l 1=1 



t£P' fe>l 

The following result is an analog of the Kleber algorithm [53] 

Proposition 7.2. For any v G P and a £ Q+, we Ziawe 

(1) s[y + a) a = q T ^x a {p{u) ■ s{u)) a . 

(2) s a =q T ^x a (p-s) a . 

Proof. We will only prove the first formula. For any a G Q+, there is a bijection 
between the sets {r G P 7 | t\ = a} and 

U {reP'ln^}, 

0</3<Q 
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where an element t = (ri , T2, . . . ) from the first set is sent to the element (t2 , T3, . . . ) 
from the second set. This implies 



= e - |T| n 9 tk) [" - e - r k+ i] 



reV 1 k>l 

7*1 — Ct 



= E E^ |T| 9 T(0) ^- a '°-^n^H v - a -E^ 7 *- 7 *+i] 

0</3<a Te p^ fc>l {=1 



Ti=/3 



fc 



= ? T(a) / E - <*, " - $ E * |T| II « T(Tfc) ["-""E^ 7 * - ^+1] 

0</3<a TeV ' k>l 1=1 

= q T ^x a [v-a,a-0\s(v-a)p 

O<0<a 

= q T{<x) x <x p{v-a) a - f) s{v-a)p = q T ^x a (j>(v-a)-s{v-a)) ol . 

0</3<a 

□ 

Remark 7.3. Note that the above formulas allow us to find the coefficients of 
the term x a yP in s(v) or in s recursively. On each step either (3 ^ and then a 
decreases or (3 = and then we use the initial values, that is the coefficients of 
the term y° in s{y) (respectively, in s), which equal 1. This implies, in particular, 
that the first formula uniquely determines the functions s{v) (with initial values as 
above). 

The following theorem is our main combinatorial result 
Theorem 7.4. We have s(v) — s ■ S u ~s. 

Proof. In view of the previous proposition and the remark after it, we just have 
to prove that the functions g{y) := s ■ S„s, v 6 7L 1 satisfy the first formula of 
Proposition [721 i- e - 

(5) q~ T(a \s ■ S v+a s) a = X a {p{v) ■ s ■ S v s) a . 
The left hand side of this formula can be written in the form 

(6) q- T{a) (s ■ S a S v s) a = E q^-^Sa-fl • (S v t)p 

I3<a 

P<OL 

Consider operators on the ring R 

r:E/^ a ^E i T{a) f*y a > T ~ x ■ E f*y a " E i~ T{a} f«y a 

and the ring homomorphism X : R — *■ R, ^2 fall a M ^2 x ° faD a ■ Then the formula 
Q in view of |6|) has the form 

E (T~ 1 s) a -f3(TSvS)[3 = X(p(v) ■ S ■ S„s) a , 

i.e. 

(7) T-\s ■ TS„s = X{jp{v) ■ s ■ S u s). 
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It follows from Proposition [721 that s = TX(p ■ s) or, equivalently, 

T^s/Xs = Xp. 

This implies 

Ts/Xs = T-^s/Xs = Xp~ = Xp. 
Now the formula (UJ can be rewritten in the form 

X(p-S„p) = Xp(v). 

But this follows from Lemma l7Tl □ 



Proof of Theorem M.SX For any v £ P, there is a ring homomorphism 
: R' = Q{q)[y % \i G I]\x,\i ei]-> Q(g)[^|i e 7] 

given by 

E /a^V -» E ?~ ( "' /5) /a,/SX°. 

Note that s(i/) and s are in i?' and 



n(i/) = $„(sM), r(i/) = $„(s). 

Hence 



n(i/) = ■ = • $„(«) = • $„(«) = r(v) • r(0). 
This implies n(^, g^ 1 ) = r(u, c?)t"(0, <7 _1 ). In particular, for v G P+, we obtain 

V q- d ^P(M(a v) q)x a = = 



Fermionic Lusztig conjecture 



□ 



This section is devoted to the proof of the fermionic Lusztig conjecture. Re- 
call that, for any quiver (F,J), we have defined in Section [5] the polynomials 
a a(q) = a a(r,g) and m a (q) — m a (T,q) (a G N 7 ) counting the absolutely sta- 
ble representation (respectively, all representations) of T over finite fields. 

Proof of Theorem \l.l\ We know that if T is of type ADE then all the roots of q(T) 
are real and therefore 

a (i) = E a <*(<i) xa = E x ° 

ct£Q+ q£A + 

does not depend on q, where A + is the set of positive roots of g(T). This implies 
r(0, q)r(Q, q' 1 ) = Exp (-^) Exp (— ^-j) = Exp(-a) = i 

where m = Exp(a) = HaeA 0- ~ xa ) • For a ^ Q-H we wm identify e~ a with 
i a . It follows from Theorem jl .21 that 

n{v, q- 1 ) 



c*GQ+ 1 ' y7 V ' y ' AGP 



2:S 



Note that m = J2aeA + (^ — x °) 1 = IIaeA + (l — e a ) 1 and therefore, for any 
A e P, we have chM(A) = e x m (see, e.g., [201 9.7.2]). This implies 

m ^2 n(v, A, q)e x - u = e'" ^ n(v, A, ? ) ch M(A) 
xeP AGP 

and the theorem is proved. □ 
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